ABSTRACT In this note, the tracking control issue for the switched nonlinear systems with equationdependent uncertainty is investigated. The relatively general switching law, persistent dwell-time, is employed to describe the switching property appearing in the uncertainty. The employ of the equationdependent uncertainty makes the design with higher accuracy when the uncertainties are extremely different from each other. Subsequently, combining with the law of switching times for the persistent dwell-time and the new requirement on the Lyapunov function at the switching instant, the global uniform boundedness of the error variable is obtained. Finally, the feasibility of the design scheme proposed is testified via a numerical example.
I. INTRODUCTION
Nonlinear systems, being a kind of thoroughly common system encountered in practical engineering applications, have owned more excellent results in these years. The aforementioned outstanding results range from inverted pendulum [1] , DC microgrids [2] to genetic regulatory networks (GRNs) [3] . Nevertheless, for the two former great achievements, all the ultimately investigated systems have been changed to the combination of linear systems by the T-S fuzzy logic systems. For this design strategy, for one thing, not only the fuzzy rule is difficult to be determined, but also the membership function does. For another, the eventual constraint conditions, requiring each linear matrix inequalities (LMIs) no more than zero, own much conservative, which may bring about infeasible solutions of the obtained LMIs. Additionally, for the last results above-mentioned, ones have exerted some constraints on the monotonicity of nonlinear functions, which entails that the nonlinear system can be investigated via some
The associate editor coordinating the review of this manuscript and approving it for publication was Zhiguang Feng. linear techniques. Namely, when it comes to tackling nonlinear systems, these methods may carry some deficiencies to some extent. Fortunately, adaptive backstepping as a typical method disposing of nonlinear systems can overcome the deficiencies mentioned above partly. Some related results can be consulted in [4] - [7] and references therein.
The aforesaid practical adaptive backstepping technique as a powerful tool has solved some complex issues [8] , which is not only employed to the non-switched systems [9] - [11] but also switched ones [12] - [14] . Switched systems as the typical hybrid systems can model some complicated systems in reality, such as robotics, power converter and GRNs [15] . As stated in [16] , whether linear switched systems or nonlinear ones, arbitrary switched systems and restricted ones can be as two branches of switched systems. However, as investigated in [17] , the common Lyapunov functions were constructed under the arbitrary switching rule, where the conditions obtained own some conservatives and the limitation on the initial values of the dynamic equations for the estimated parameters is too strict. For eliminating the mentioned shortcomings, the switched nonlinear systems (SNSs) were investigated with adaptive backstepping under dwell-time switching law (DTSL) in [18] , where the multiple Lyapunov functions (MLFs) were proposed with a novel constraint at switching instants. From [19] , one knows that the average dwell-time switching law (ADTSL) possesses the advantage that DTSL not owns. Namely, contrasted to the DTSL, the ADTSL allows the running-time of the activated subsystem to be short in a given finite interval. Under the ADTSL, the tracking control issue of SNSs was thoroughly researched in [18] , and more related results can be referred to [20] and references therein. Nonetheless, the switching frequency is restricted under the ADTSL. Put another way, the amount of the short interval denoting the running-time of the activated subsystem is limited. This may restrict its application in some circumstances. Therefore, the persistent dwell-time switching law (PDTSL) is put forward [19] , which surmounts the switching frequency issue in the ADTSL. The relationships among DTSL, ADTSL and PDTSL can be described by the following set (τ > 0, ∈ (0, 1) , N 0 ≥ 1, T PDT > 0):
which indicates that the PDTSL is more general relatively. Thus, the PDTSL is adopted in this paper to tackle the switching appearing in the nonlinear systems investigated.
The SNSs discussed above are really powerful. But they still cannot precisely describe the system under the extremely complex and hostile environment. Thence, the systems may be modeled with uncertainty, which is encountered frequently in practical engineering [21] , [22] . Furthermore, different from some previous results requiring the uncertainty is normbounded [23] , in [24] , the uncertainty without any restrictions can be tackled by the estimation systems. This kind of uncertainty may be more universal in reality. Besides, in light of the complexity of the uncertainty for SNSs, thus, the equationdependent uncertainties are considered in the investigated SNSs, which means that uncertainties are different from each in every equation. Although it increases the difficulty of the study compared to the system with equation-independent uncertainty, it may improve the design accuracy especially when the uncertainties differ from each under different subsystems.
The undermentioned contents are the features of this note. 1) The tracking control issue for SNSs with uncertainty under the PDTSL is investigated. Compared to the DTSL and ADTSL, the PDTSL adopted is more suitable for some complicated systems. 2) Different from some restricted uncertainties, the equation-dependent uncertainty is taken into account, which may ameliorate the design accuracy when the uncertainties are really different from each other.
3) Combine with the law of switching times for the PDTSL in [25] and the new requirement on the MLFs at switching instants in [15] , the tracking error is demonstrated to be globally uniformly bounded. The rest of this section is the arrangement of this note. The SNSs with equation-dependent uncertainty are constructed in the next section. Then, some necessary assumptions and lemmas together with a definition are given. Simultaneously, the error system and the adaptive law of the uncertain parameter are established. Section III shows the proof of the global uniform boundedness for the error variable under the PDTSL. In Section IV, a numerical example modified from [18] is employed to illustrate the feasibility and effectiveness of the method proposed. Section V concludes this note. Notations used in this note are listed in the following table.
II. PROBLEM FORMULATION
Through deep consideration, the undermentioned SNSs modified from [18] are adopted in this paper
where
together with z ∈ R signify the system state, the state vector and the system output; ξ i,ϑ(t) ∈ R n 2 i ∈ Z + ≤n denotes the unknown parameter indicating the uncertainty of the abovementioned system; α ϑ(t) represents a known switched scalar; ψ i (x i ) ∈ R n 2 i ∈ Z + ≤n and χ (x n ) ∈ R mean the smooth nonlinear functions; ϑ (t) is the right continuous switching signal taking values in the finite set := 1, 2, 3, · · · ,˜ , where˜ indicates the allowable maximum value of signal ϑ (t) . The following definition is related to the switching signal ϑ (t):
Definition 1 [19] : Provided that the switching sequence generated by the signal ϑ (t) contents the following conditions, after that, the switching signal ϑ (t) ∈ S PDT [τ PDT , T PDT ]. I) For each single interval, the signal ϑ (t) keeps the same value until the next switching. II) The amount of the disjoint interval whose length is no shorter than the persistent dwell-time (PDT) τ PDT is infinite. III) The consecutive short intervals between the aforementioned disjoint interval are separated by at most the period of persistence T PDT .
Let t s d +1 , t s d+1 denote the actual switching times in the interval t s d +1 , t s d+1 which also means the T PDT -portion. Besides, the τ PDT -portion can be seen from the Figure 1 , which combines with the aforementioned T PDT -portion constitute a stage. T t s d +m , t s d +m+1 , ∀m ∈ Z + indicates the running-time of the subsystem chosen at switching instant t s d +m in the dth stage. Thereafter, the actual running-time of the signal ϑ (t) in the interval t s d +1 , t s d+1 owns the undermentioned relationship
In accordance with [25] , the before-mentioned switching times (t 1 , t 2 ) in the interval [t 1 , t 2 ) meets the following inequality:
where f PDT is the maximum switching frequency for the PDT sequence utilized.
Remark 1:
The switching frequency in the constraint (2) of the switching times (t 1 , t 2 ) is necessary and vital. For discrete-time systems, the constraint on the above-mentioned switching times in [26] is as below:
where the switching frequency is one. Because the runningtime for each subsystem needs to no less than τ PDT . Hence, for the DTSL adopted in [18] , the constraint of the switching times for the DTSL is as follows:
However, for the PDTSL, the running-time for the subsystem during the τ PDT -portion is different from the one for the subsystem during the T PDT -portion. Therefore, from [25] , [27] , the switching frequency is adopted, which entail us describe the switching law more reasonable.
To simplify the notations, set ϑ (t) := k, additionally, ψ j means ψ j x j and the other symbols are identical. Then ones firstly give out the undermentioned error variables:
where β j to be designed signifies the virtual control law (VCL). These variables combining with the VCL β j and control input u k to be designed will contribute to the closedloop SNSs.
Before giving out the specific steps of designing the VCL for the backstepping technique, and other further investigations, some assumptions, and lemmas ought to be given firstly.
Assumption 1 [18] : The known reference trajectory z r (t) along with its derivative z (i) r (t), i ∈ {1, 2, 3, · · · , n} are smooth and bounded.
Assumption 2 [18] : The states in (1) are measurable. Lemma 1 [28] : Provided the differentiable function V k (t) contents the undermentioned inequalitẏ
Lemma 2 [24] : For ∀ζ > 0 and (δ 1 , δ 2 ) ∈ R 2 , if the constant scalars p 1 and p 2 content that
Next, we not only show the details about the design of the VCL, but also the design of adaptive update laws for the estimated parameters.
Step 1: From (3), ones can get thaṫ
whereξ j denotes the estimation of the unknown parameter
≤n . Afterwards, construct the switched control Lyapunov function (SCLF) as below:
Then, combine with (4) and (5), ones can directly obtain thaṫ
where 1,1 := e 1 ψ 1 . After that, the VCL β 2 is designed as below:
which yields thaṫ
Nevertheless, the update law of parameterξ 1 and coupled item e 1 e 2 will be tackled in the subsequent steps.
Step 2: Similar to the Step 1, ones achieve the derivativė e 2 as below:
Then, establish the SCLF as follows:
Combine with the above SCLF and (8) together with (7 ), ones get thaṫ
where 1,2 := 1,1 − e 2 ∂β 2 ∂x 1 ψ 1 , 2,1 := e 2 ψ 2 . Then, the following VCL β 3 can be gotten provided ones assume that the adaptive update lawξ 1 = b 1 1,2 − ε 1ξ1 , which is to be determined at the n th step:
If ones intend to find out the design law, ones may repeat the above steps. Therefore, ones directly give out the circumstance at Step j.
Step j: For the convenience of expressing the design law, ones define
Tuning Function:
The assumed adaptive update law of the estimated parameter:ξ
Virtual control law:
Then, according to the above equations, ones get that
From e n = x n − β n − z
Subsequently, ones define
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Combine with (9) and (11), it can be obtained that 
Bring the above control input u k into (12), ones deduce the undermentioned inequality along with Lemma 2
. (14) which means thatV
The aforesaid stability analysis is given under the same mode, besides, the following stability analysis is presented under the different ones.
. Afterwards, ones get that
Then, the undermentioned theorem shows the sufficient conditions of the closed-loop SNSs with the variables in (3) is globally uniformly bounded under the PDTSL.
Remark 2: For better expressing the designed parameters, some rules ought to be reminded. For the sum symbol , provided that the end number is smaller than the start one, then this sum is zero. Similarly, in this note, the VCL β 1 and error variable e 0 not exist. Namely, β 1 = 0, e 0 = 0.
III. MAIN RESULTS

Theorem 1: Given scalars T PDT
≤n , k ∈ , the error variables in (3) is globally uniformly bounded provided that the following inequality is satisfied
Then ones get the explicit bound of the tracking error e 1 (t) as below:
where the parameters λ 2 , ρ 2 and ρ 3 are given in (14) , (18) , and (19) respectively. Proof : From Step 1, Step 2 and Step j, ones construct the undermentioned SCLF:
From [25] , ones know that for ∀v ∈ t s d +i , t s d +i+1 , i ∈ Z, we know that t s d +i , t = (v, t). Besides, t s d+1 −p (p ∈ Z) indicates the switching instant, then, when t ∈ t s d+1 −1 , t s d+1 , set δ := ϑ t s d+1 −1 , subsequently, the following inequalities are deduced with (15) and (16) .
Next, three parts need to be analysed. For the first part, from switching times inequalities (2), and ones set λ 3 :
Finally, for the third part, from (2), ones have t s 1 +i , t ≤ λ 3 + λ 4 t − t s 1 +i , which is equivalent to − t − t s 1 +i ≤ − 1 λ 4 t s 1 +i , t − λ 3 . Besides, for the PDTSL, ones can get the following relationship easily After that
Because ρ 1 < 0, therefore when t → ∞, based on [18] 
To sum up, ones achieve that
Namely, ones can obtain (17) finally. This completes the proof. Remark 3: For the SNSs (1), the designed VCL β j (j = 2, 3, · · · , n) and estimationξ i i ∈ Z + ≤n are modeindependent, which is explained detailedly as below. Assume the designed VCL β j,k (j = 2, 3, · · · , n) and estimation ξ i,k i ∈ Z + ≤n are mode-dependent, then ones get the error variables as follows:
After that we adopt the related SCLF as
But, the derivative of this SCLF V i,k can not be calculated due to that the variables β j,k andξ i,k are switching signals, whose derivatives can not be directly obtained with the common method. Therefore, in this note, we design the mode-independent VCL β j (j = 2, 3, · · · , n) and estimation
Remark 4: Theorem 1 investigates SNSs with different switched uncertain parameters. It may accord with some complicated circumstances in reality. Nevertheless, it can not degenerate into the one with the same switched uncertain parameters, even though this situation is simpler relatively. Therefore, in the following corollary, ones directly show the conclusion that the designed VCL β j , tuning function ρ j , control input u k and the relative stability analysis under the following system with equation-independent uncertainty, which means that under the same subsystem, uncertainties are the same with each in every equation
Based on the definition of error variables in (3), we directly give out the related design results for the system (20) .
Tuning function:
Control input:
Corollary 1: (20) , the error variables in (3) is globally uniformly bounded provided that the following inequality is satisfied
Then ones get the explicit bound of the tracking error e 1 (t) with the VCL (21) and the tuning function (22) along with the control input (23) as below:
FIGURE 2. The response for the system output y = x 1 (t ) and the reference trajectory z r (t ).
Proof : The the detailed process of the designs for the VCL β j and the tuning function ρ j together with the control input u k can be referred to the references [18] , [24] . Besides, the stability analysis for the error system resulted from (20) is similar to Theorem 1. Therefore, the specific process of the proof for this corollary is omitted here. This completes the proof.
IV. A NUMERICAL EXAMPLE
The validity and effectiveness of the investigated system (1) and the method presented are given in the undermentioned content. Based on [18] , the related parameters and nonlinear functions are presented as below:
Subsequently, we combine with (4) and (6) together with (10), the following error system is obtained:
with the undermentioned adaptive update laws of estimated parametersξ
And from (13), the control input u k is given as follows:
∂ξ 1ξ 1 +z r .
FIGURE 3.
The trajectory error e 1 (t ) and the system error e 2 (t ).
FIGURE 4.
The control input u(t ) and the PDT sequence used.
After that, according to Theorem 1, we provide a feasible group of data: as z r = sin (t), which contributes to thatż r = cos (t) andz r = − sin (t). Based on the before-mentioned data, ones get that e 1 (0) = 0.4 and e 2 (0) = −0.408. The results are illustrated in Figures 2-5 . Figure 2 and Figure 3 show the responses for the system output y = x 1 (t) and the reference trajectory z r (t) along with the error system (24) , which indicate that the method proposed and the control law designed are feasible and effective. The bounded control input u (t) and the switching sequence adopted are given in Figure 4 . Figure 5 presents the responses of the parameter estimation system (25).
Remark 5: As seen from Figure 3 , ones find that the boundness of the variable |e 1 | is smaller than the value calculated in (26) , which is reasonable. From Theorem 1, ones own that V δ (t) ≤ ρ 2 + ρ 3 which means that Therefore, the tendency of the error variables illustrated in Figure 3 is reasonable.
V. CONCLUSION
The tracking control issue for the switched nonlinear systems ( SNSs) with uncertainty under persistent dwell-time switching law has been tackled in this paper. The equationdependent uncertainty has been employed to the aforesaid SNSs, which may make the design with higher accuracy when the uncertainties are really different from each in different equations. Thereafter, the error variables have been testified to be globally uniformly bounded with the assistance of the law of switching times in [25] and the new requirement on the Lyapunov function at the switching instant in [15] . Finally, the situation that SNSs with equation-independent uncertainty has also been given. The validity of the method presented is verified through a numerical example. The eventtriggered scheme is interesting and attractive, which may be used in future works.
